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the hyperbola, so that t' and / coincide, and cf the intercept of the produced nor- 
mal at P to the hyperbola, or tangent to the ellipse ; so that t and / coincide. 

Then, since the proportion Gt' .On=BG' z [Gn being the abscissa, and Cf 
the intercept of the tangent on the minor axis] belongs to the general conic ; and 
since Gt'=Ct—Gf; and Gn—Gz for both the confocals; therefore the third mag- 
nitude GB 2 must also be fixed and equal in both confocal curves ; and 2(72? be the 
common minor axis of ellipse and hyperbola. 



NOTE ON THE EXPANSION OF DEVERTEBRATE 
DETERMINANTS. 



By ORLANDO S. STETSON, Syracuse University. 



In a paper entitled *" Co-axial Minors of a Determinant of the Fourth 
Order," Dr. Muir obtains what might be regarded as a sort of converse of Cay- 
ley's Expansion Theorem, viz., a general law for the expansion of an invertebrate 
co-axial minor in terms of the vertebrate co-axial minors of a given determinant 
and the elements of the principal diagonal. Dr. Muir mentions here, also, the 
possibility of presenting this as the ultimate case of a more general law, namely, 
a law for the expansion of a devertebratedf determinant in terms of the elements 
of the principal diagonal of the given determinant and their co-axial minors. 

My attention has been drawn by Dr. William H. Metzler to the desirabil- 
ity of obtaining, if possible, an explicit statement of such a general law. 

The object of this paper is to show how such a general law may be deduc- 
ed. A slight modification of method will present, algebraically, a general proof 
of Cayley's Expansion Theorem given in Muir's Theory of Determinants. J 

Let D= | a t j | represent a general determinant of order n and let a be a 
determinant of the following form : 



"i l "^ 'l'i ^12 ®lk ■ 

"(1 ®-Z2~T%2 2 C'ik- 



A = 

%1 a ll a kk + x kk %» 

®"n\ ^n2 @nk "nn~y x n 

Expanding a as a determinant with binomial elements, the term indepen- 
dent of the variables x 1 , , x 22 , , x nn will be the given determinant B. 

The coefficients of the variables x u , x ti , , x nn , are, respectively, the 

principal minors of order (w — 1) which we shall denote by J.,, A if , A n . 

1 2 « 

Similarly, the coefficients of x tl x it , x it x sz , , x n ^x n , are, respectively, the 

principal minors of order (w — 2) which we designate by A A 2 , A i3 ,. , J. ra _ liTO ; etc. 

12 13 ra— l',ra 

transactions of the Royal Society o( Edinburgh, Vol. 39, No. 10. 
ffc elements of principal diagonal zero, n—k not zero. 
JMuir, p. 85. 
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The expansion may therefore be written as follows : 

1 12 123 

+ +S»i i« 2 a %4l2....i + +»! x x t 2 x n«- 

12. ...fc 

Now, let Ajbea devertebrated determinant of which the ft zero elements 

in any order are a ri r t , «r 2 jv , «»»• Substituting in a for x riTl , x ur ^, ,-X rkn , 

the values — a rjri , —a Vl , — , — a rhrk , and placing equal to zero the remaining 
n—lt variables, it becomes evident that the expansion of the devertebrate will 
take the following form : 

Ai=Z>-Sar I r l 4r 1 + Sa riri a r2ra A rir , + + (-l)<*>ASa r ,r 1 «r.r, °»Vl 'jAw-'*. 

r, r^r, r 1 r,....r^ 

+ — + ( — l) < * > *flr,r 1 Or,r I — «rw*^r,r,„..»* • 

We obtain, consequently, the following theorem : 

A devertebrated determinant of order n, containing Jt zero elements may be de- 
veloped with a series of terms, the first of which is the given determinant of order n, 
the next Tc terms being the products of each of the It elements of the given determinant 
into its co-axial minor, the next Jft( It — 1 ) terms being the products of each pair of the It 
elements of the given determinant into its co-axial minor, etc. TJie signs of the respec- 
tive terms are negative or positive according as the combination of the It elements are 
odd or even. 

It is worthy of notice that for Jc~n, the expansion contains the law for the 
expression of an invertebrate co-axial minor in terms of the vertebrate co-axial 
minors of the given determinant and its principal diagonal elements. 

For this case the expansion foi'mula may be expressed more conveniently 
as follows : 

A n =D + S«i ! A t + S»j ,«, 2 A i a +Sb, t X % s !C 8S A in 

1 12 123 

"f +SKl 1*8 2 %-2i-12....(„-2) +( -l) n - 1 («- 1)*1 1*2 2 *«»' 

12....(»-2) 

Cayley's Expansion Theosem. 

Let D represent a given determinant of order n, and let an identity be 
formed as follows : 





-X t , )+X x j 
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Cn«' ®nn) i®nn 



= 



Expanding as a determinant with binomial elements and letting a repre- 
sent the determinant formed from the general determinant by subtracting from 
the elements of the principal diagonal, sc, lf x i% , , x m , we have : 
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I>=A+Sz,, a t +Sc M a; ss a la+StuKj^ss A 123 + 

1 12 123 

~H I - 2*i 1^.2 *»Al2 k T ~T X ll%2 2 **»»• 

12. ...fc 

Now, placing * 11 =a 11 , x i2 =a. Z2 , ., x nn — a nn , Cayley's expansion is 

an immediate consequence since the principal diagonals of all the A 's become 
zero. 

As illustrations we may assume — 



A = 



^1 l"T" t 'l 1 "is 



'23 



a.. 



'14 



°34 



«4 4+*4 



Expanding 



A — 1/ + X^y A, -\-X 2 gA 2 -T% s 3-^3 iX^^A 



-\-x l l x 2i A 1 2 -j-x i iX s 3 A 13 -\-x 1 t x 4 i A i 4 

12 13 14 

J r x -z : x s s-A 23 -\-x. z 2 x iA A l i -\-x ii x ii A Slt 

23 24 34 

"*" x it x i i x :i 3 ■ i s s ~\-x x 1 x Sx x 4i A lii 

123 124 

~T X i \ X Z 3^4 4-^-1 3 4"T a; 2 2^3 3 a '4 4-^-2 3 4 + *! 1^2 2^3 3^4 4' 
134 234 

For k=l, assume x ii = — a. ii , and place x, 1 =x :i3 —x ii ^=0, then, 

A , — D — a i2 A., . 

2 

For &=2, assume a;, , = — a, ,, £ 44 = — a 44 , and place # 22 =a; 33 =0, then 
Aj=D-a 1 ,A 1 -a 44 A 4 +a M a 44 A 14 . 

1 4 14 

For #=3, assume x, 1 = _o 1 1; j; i2 = _a 22 ,i; n =-_(j S3 and place a: 44 =0, then 
A H =ls — <*j , A, a 2 2 A S fflgjAg-f-a, 1 -a 22 ^l ] s ~r a i i a ga-™-i a 

12 3 12 13 

-j-ffj, 2 ff 33 A 2S — (l, i$2 2^3 3 - 
23 

For &=4, assume a; lf — — a 11? £ 22 =: — a 22 , a; 33 = — a 35 , # 44 — — a 44 , then 
a tr^L) — a l1 A x a 22 A 2 $ 3 8 A s tt 44 A 4 -t-ff 1 l ffi 22 A 12 -|-ff l .|fl! 33 A l3 

1 2 3 4 12 13 

+ <* 11 *44-A 1 4 + a 3 2*3 3-^23"r a 3 2*44^ 24 + ^3 2*44^34 " ffl l 1*2 2*33*44 • 
14 23 24 34 

Syracuse University, March SO, 1904. 



